The scalar form factors for the pions and kaons are calculated in SU(3) Chiral Perturbation Theory at order p 6 , in the isospin limit m u = m d =m. We find in general sizable corrections of O(p 6 ). We use our results to obtain results on the 1/N c suppressed low energy constants L r 4 and L r 6 as well as on two O(p 6 ) low energy constants. We present some numerical results for masses and decay constants as well.
Introduction
Chiral Perturbation Theory (ChPT) in its effective Lagrangian form was introduced by Weinberg [1] and developed into its standard form, for both two and three light flavours (referred to as SU (2) and SU(3)) formalisms, up to order p 4 , by Gasser and Leutwyler [2, 3] . The underlying assumption of ChPT is that the chiral SU(n) L × SU(n) R symmetry present in the QCD Lagrangian is spontaneously broken to its vector subgroup, SU(n) L × SU(n) R → SU(n) V . This breaking is due to the finite quark condensates 1 0|qq|0 = 0, for q=u,d and s.
(
The quark and gluon degrees of freedom are integrated out and replaced by pseudo-scalar fields representing the lightest pseudo-scalar mesons triplet (SU(2)) or octet (SU (3)), these are the Goldstone bosons resulting from the spontaneous chiral symmetry breaking. Introducing non-zero quark masses renders the chiral symmetry only approximate. This results in masses for the mesons.
ChPT is thus an effective theory of QCD, perturbatively expanded in powers of the relevant momentum and the quark masses, and is non-renormalizable. Loop corrections produce ultra-violet divergences which require the introduction of new counterterms and associated low energy constants (LEC) at each order in the parameters expansion. The number of new operators is, however, finite at each order, allowing ChPT to be predictive. Recent introductions to ChPT can be found in Ref. [4] .
A basic set of calculations in SU(3) ChPT at order p 4 was performed in [3, 5] and used to determine the LEC at order p 4 , the L r i , to that order. L r 4 and L r 6 were assumed to be negligible there using the large N c limit of QCD [6] . This assumption was studied at order p 4 in [7] by considering scalar form factors and a scalar two-point function.
The state of ChPT in the meson sector now is such that many calculations have been pushed to the next order, p 6 or next-to-next-to-leading (NNLO) or two-loop order. There are two main reasons to explore the two-loop region of SU(3) Chiral Theory. First, the accuracy of experimental results has improved so this accuracy is now routinely needed and we need to determine all LECs to the required precision. Second, spontaneous chiral,symmetry breaking of QCD does not have to be driven by the quark condensates, Eq.
(1). An alternative bookkeeping method in the Lagrangian expansion might be necessary, leading to a Generalized ChPT (GChPT), see Ref. [8] and references therein. The combination of the two-loop calculation of ππ-scattering in SU(2) ChPT [9, 10] , together with the dispersive Roy equation analysis [11] , lead to sharp predictions for the ππ scattering lengths [12] confirmed by the E865 experiment [13] leading to the conclusion that SU (2) ChPT is indeed driven by the quark condensate [14] . See also [8, 15, 16] for relevant discussions. In the case of SU(3) ChPT the possibility of a small quark condensate is not ruled out [7, 17, 18] . The pion scalar form factor has been evaluated to order p 6 in [19] after earlier dispersive work [20] .
The two-loop calculations in SU(3) ChPT of the masses [21, 22] indicated the possibility of sizable NNLO corrections. This behaviour persisted when the calculations also included K ℓ4 [23, 24] such that the L r i could be determined with p 6 accuracy under similar assumptions as the p 4 determination [3] . In [24] a search was done for possible values of L r 4 and L r 6 that would lead to acceptable convergence of all quantities considered there. In [25] effects of isospin violation in the masses were taken into account also to order p 6 as well as well as the new E865 K ℓ4 data of [13] . In this paper we calculate the scalar form factors of pion and kaons to order p 6 . This allows to relax some of the assumptions made in the previous L r i determinations as well as being interesting in its own right. In particular, the curvature of the scalar form factor in K ℓ3 decays [26] can in principle be determined from the quantities considered here. Unfortunately as discussed at the end of Sect. 5.5 the numerical accuracy obtainable is rather low.
The organization of the present paper is as follows. We first present the framework of SU(3) ChPT in the isospin limit and including external scalar fields in Section 2 and sketch the calculation of the scalar form factors in Section 3. We then present the analytical results of this calculation in Section 4.1 and App. B as well as a few plots of the form factors. We made use of dispersive analysis, Section 5.1, to extract experimental information before presenting numerical results for some of the LEC's of the theory, Sections 5.3 and 5.5. We also present some updated results on masses and decay constants in Sect. 5.6 .
A byproduct of this calculation is a relation between the scalar form factors that has only second order corrections in quark mass differences. This relation, Eq. (18) is proven in general in App. A and is valid for all t where an expansion in mass differences is valid.
The ChPT Lagrangian
This section contains a very short overview of ChPT and serves also to define our conventions. More detailed introductions can be found in [4] . The Lagrangians of ChPT are ordered in the p counting, powers of momenta (O(p)), quark masses or external scalar or pseudo scalar fields (O(p 2 )) and external vector or axial-vector fields (O(p)). We keep to the three flavour case here.
The Lagrangian for the strong and semi leptonic mesonic sector to NNLO can be written
where the subscript refers to the chiral order. The lowest order Lagrangian
The mesonic fields enter via
and the quantity u µ introduces the external vector (v µ ) and axial-vector (a µ ) currents
while the scalar (s) and pseudo scalar (p) currents are contained in
The p 4 or NLO Lagrangian L 4 was introduced in Ref. [3] and reads
The L 9 and L 10 terms introduce also the field strength tensor
The two terms proportional to H 1 and H 2 are contact terms and do not enter physical amplitudes. In the present case, we keep only the relevant scalar current interactions from which we extract and separate the quark masses contribution:
We quote the schematic form of the NNLO Lagrangian in the SU(3) case
and refer to [27] , where this was first constructed after the earlier attempt of [28] , for the full expressions. The last four terms are contact terms [27] . All ultra-violet divergences produced by loop diagrams of order p 4 and p 6 cancel in the process of renormalization with the divergences extracted form the low energy constants L i 's and C i 's. We use here dimensional regularization and the standard modified minimal subtraction (MS) version used in ChPT. An exhaustive description of the regularization and renormalization procedure including a description of the freedom involved can be found in Ref. [10] and [29] .
The subtraction of divergences is done explicitly by
and
where c and Λ are defined by
The coefficientsΓ i , Γ [29] where they have been calculated in general.
Scalar form factors can be calculated using functional derivatives w.r.t. the external scalar fields [3] .
3 The scalar form factors: definitions and overview of the calculation
Definitions
The scalar form factors for the pions and kaons are defined as follows:
with t = (p − q) 2 and i, j = u, d, s being indices in the flavour basis and M 1 , M 2 a meson state with the indicated momentum.
In the present case of isospin symmetry m u = m d =m, the various pion scalar form factors obey
The kaon currents are related by the following rotations in flavour space
The other scalar form factors can be related to these using charge conjugation and time reversal. In (16) and (17) we have also given the notation we shall use for the form factors in the remainder. The scalar form factor F Kπ S (t) is proportional to the form factor f 0 (t) used in K ℓ3 decays.
The scalar form factors can be shown to obey a relation similar to the Sirlin [30] relation for the vector form factor
The proof of this relation is in App. A. The values at zero momentum transfer are related to the derivatives of the masses w.r.t. to quark masses because of the Feynman-Hellman theorem (see e.g. [5] )
This also shows that we can expect large corrections at t = 0. The argument is fairly simple. If m
then
So we see that in the scalar form factors the relative p 6 corrections can get enhanced by factors of order 3 compared to the masses.
Diagrams
The relevant diagrams for the present case are identical to those involved in the electromagnetic form factors [31] with the electromagnetic current replaced by the scalar one. We list the diagrams appearing at each order but refer to [24, 31] for a deeper discussion of the checks to perform and the renormalization.
Leading and next-to-leading orders
The diagrams are shown in The lowest order contributions are
Next-to-next-to-leading order
There are four distinct topologies involved in order p 6 diagrams. Firstly, the two loop diagrams, built exclusively on O(p 2 ) vertices, are represented in Fig 2. There again does a black square represent a scalar interaction.
Secondly, one loop diagrams can contribute, with one vertex built on L 4 , possibly including a scalar insertion. These are represented in Fig 3. There are also sunset integrals and irreducible contributions to include through the non-factorizable diagrams of Fig 4. See [21] and [31] for a treatment of sunset integrals and irreducible two loops integrals.
Of course, one must finally include the L 6 tree contribution, Fig 
Loop corrections
We present only the results for F [5] . The form given in App. B is the one that corresponds to the p 6 expressions we use and which can also be found in App. B.
First Numerical Results
In this part we present some plots of the sizes of the various corrections for the case with C r i = 0, we have used the L r i values of [25] , fit 10, and the neutral pion, neutral kaon and physical eta masses as well as F π = 92.4 MeV.
In Fig. 6a we have plotted various contributions to the pion scalar form factor normalized to 2B 0 . There is a sizable two-loop contribution in this case. The pion strange scalar form factor, F π Ss (t)/B 0 , is plotted in Fig. 6b . The corrections here are moderate. In Fig. 7a we have plotted various contributions to the kaon light quark scalar form factor normalized to B 0 . There are large two-loop contributions in this case. The kaon strange scalar form factor, F K Ss (t)/B 0 , is plotted in Fig. 7b . The corrections here are also large.
We will do a more extensive analysis in the next section but in order to show the effects of the L 5 Numerical Analysis
Dispersive Inputs
There is no direct experimental measurement of the scalar form factors but information can still be extracted from elastic scattering experiments. We recall here the principal results of dispersive analyses and refer to [32] and [7] for a more thorough treatment.
The Muskhelishvili-Omnès (MO) problem
We consider first the one channel case, i.e. where only pion interactions are considered. The problem of finding the functions satisfying the pion form factor's analytical properties is referred to as the Muskhelishvili-Omnès problem. Provided some convergence conditions on the form factor and the phase shift δ π (s) are satisfied, the solution is of the form: Watson's theorem then relates the phase shift to the scattering phases δ J I , here δ π = δ 0 0 . This can be extended to two or more channels. We restrict here to the two channel case, ππ and KK in the isospin and angular momentum zero case, I = 0 S-wave. The MO problem becomes a system of coupled equations of the two independent contributions
whereX 0 is an isospin zero operator, e.g. (ūu +dd) orss. The interesting feature of the MO solution is the possibility to write the general solution using two independent sets of solutions {F
and this independently of the exact form of the operatorX 0 . The solution is then built on the value of the form factors at the origin:
The solutions
The method and coding of the solutions were borrowed from Moussallam [7, 33] , where the solutions are obtained by solving the linear system of equations -equivalent to (28) Table 1 : Results of the numerical computation of the Omnès solutions for the different T ij models. The superscript refers to the respective inequivalent sets of solutions. The first two solutions are from Ref. [7] , the last from [33] .
for the two channel case -given by the discretized form of
where
and T ij are the T-matrix elements of the needed ππ, KK scattering channels. Three T-matrix models of scattering are used, from Au et al. [34] , Kamiński et al. [35] and Ananthanaryan et al. [33] , and we refer again to [7, 33] for details and differences. The results of our calculation for the different derivatives of the canonical solutions using the programs of [7, 33] at the origin are presented in Table 1 . We have only used the last solution, since they use a better physical model for the ππ to KK amplitude and newer ππ phases. Similar work exists for the Kπ form factor, F Kπ S (t), in [36] . We have not obtained their results in a form we can use in the same way.
Other experimental inputs
The other experimental inputs are the same as those used in [25] corresponding to fit 10 there. This differed from the main fits reported there by using the then preliminary data of [13] . We have, similarly to the analysis performed in [24] done the same fit but with a variety of fixed values of L r 4 (m ρ ) and L r 6 (m ρ ) as input. In all these cases we have used the resonance saturation contributions to the K ℓ4 constants of p 6 as derived in [24] and those for the decay constants and the masses as derived in [23] but we have chosen the value of d m there to be zero. The reason for this is that the estimate of the parameter performed there was very uncertain and the naive value obtained there led to p 6 contributions to the masses which were enormous. We have performed the fits at a grid 
In the numerical results quoted below we have used the neutral kaon and pion masses and a subtraction scale µ = 770 MeV. We have also studied the ss current. The results for the pion case are shown in Fig. 11 . The result for Fig. 12 . Notice that the strange quark content in the pion remains small for the entire studied region.
Variation with L
At this level we cannot determine the values of L r 4 and L r 6 but there is a tendency for the corrections compared to the lowest order to be small for positive L r 4 and a correlated value for L r 6 which is similar for all four cases. We can use our results to get at the form factors away from zero in two different ways. First we can of course simply use our full ChPT calculation to calculate them to order p 6 . Second, from Sect. 5.1 we can calculate the form factors at t = 0 given the values at zero. We can then require that both should give the same results and obtain in this way constraints on the values of L The results for the pion scalar radius,
Slopes and the value of L
are shown in Fig. 13 . The dispersive prediction is quite stable except in the region where shifts. We see agreement in the same regions as where the corrections to the lowest order results for the form factors at t = 0 are fairly small.
The results for the kaon light quark scalar radius,
are not as easily shown, the calculated value of F K Sq (0) runs through zero in the relevant region, producing strong effects in both the dispersive and ChPT results. We plot instead the scalar radius normalized to the lowest order result
This is shown in Fig. 14 . The dispersive prediction is less stable since the relative strength of the two solutions varies much more than in the pion case. We see agreement again in the regions where the corrections to the lowest order results for the form factors at t = 0 are fairly small, but the results are less reliable than for the pion case.
The strange quark scalar current can be studied in exactly the same way. The pion strange scalar form factor has a very small value at zero, we normalize therefore to the value B 0 and plot The results are shown in Fig. 15 both for the dispersive and the ChPT result.
The prediction for the kaon strange quark radius 
there is a small region of overlap between the dispersive and the ChPT estimates. The latter quantity is plotted in Fig. 16 . It is somewhat difficult to get a final conclusion about L r 4 and L r 6 since the effect of the p 6 constants has to be evaluated. This requires a general study of effects in the scalar sector which goes beyond the scope of this paper.
2 The main constraint from the pion scalar radius is L 
To be precise, this is the curve where the two surfaces shown in Fig. 13 intersect. If in addition we require that the values of the scalar form factors at zero do not deviate too much from their lowest order we obtain that L r 4 should be in the range from 0.0003to0.0006. We have shown several numerical results in Table 2 for grid points in this region.
5.5
Curvatures and the value of C 12 and C 13
Since the values at zero determine the form factors away from zero, we can also compare higher order terms in the expansion in t. Because of the large corrections to the values at zero coming from order p 6 , there is a rather large uncertainty in the resulting values. We have therefore not done a full error analysis.
We define the pion scalar curvature via
The results both from the dispersive and the ChPT analysis are shown in Fig. 17 . Notice that, precisely as in the two flavour case analyzed in [19] a large part of the curvature is due to the loop effects and and the contribution from the p 6 constants is not the dominant one.
The same analysis can be performed for the other form factors. We again run into the problem of normalizing the curvature, just as we had for the slopes. For the rest we use thus quantities normalized to B 0 . We show the pion strange scalar curvature
in Fig. 18 . Analogously we define
but we have not included plots of these quantities. The curvatures can now be used to estimate combinations of the C r i . We get We have collected in Table 2 various results for fours sets of L 
Masses and Decay Constants
For completeness we present here results for the masses and decay constants for the sets of input parameters we use. These can also be found in Table 2 . We present results for
Notice that in [25] the corresponding numbers were quoted for the "Main Fit" which used the old K e4 data.
A glance at Table 2 shows that the pion decay constant in the chiral limit F 0 can be substantially different from the value of about 87 MeV. for the case of fit 10.
Conclusions
In this paper we have computed the full order p 6 expressions in the isospin limit for all pion and kaon scalar form factors. We also found a new relation between the scalar form factors, analogous to the Sirlin relation for vector form factors. We have used these results to obtain constraints on the values of L [38] . We thank B. Moussallam for providing us with the programs of Refs. [7, 33] .
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A The proof of the symmetry relation
The relation for the scalar form factors, Eq. (18) can be proven using the same method as used in the second paper of Ref. [30] when the different behaviour of scalar and vector currents under charge conjugation is taken in to account.
We write the Hamiltonian in the form
H 0 is the Hamiltonian in the limit m s = m u . We now do oldfashioned perturbation theory in λ 3 , and look at the variation of F
w.r.t. λ 3 at λ 3 = 0. This can be rewritten as an expectation value involving the K 0 and π − field, v 3 and su. Applying the operator G V = Cexp(iπV 2 ) with V 2 the second generator of V -spin and C charge conjugation we obtain that ∂ ∂λ 3 F
while charge conjugation and the the fact that it is a scalar current require the full form factors in (A.3) to be equal. The first variation w.r.t. λ 3 of F
The same argument can be applied to the combination .4) and in the V -spin limit both combinations are related. This relation can be brought into the form of Eq. (18) using isospin.
B Analytical expressions for F π S (t)
For brevity we only write the pion scalar form factor with the light quark densities. The expressions for the others can be obtained from the authors. The integrals can be found in several places. The functions A, B,. . . can be found in [21] and [24] . The H F ,. . . are defined in [21] and the V i can be found in [31] . The method to evaluate the H F i was developed in [21] and the V i are evaluated as described in [31] using the methods of [39] .
The result given is not the shortest possible analytical one. There are various relations between the integrals that we have not implemented. The reason is that these relations involve inverse powers of t and we have used simplifying relations to rewrite all the masses in the numerators in terms of m 2 π and m 2 K . This has as a consequence that, if we had used those relations, the numerators of the 1/t poles would not cancel exactly numerically and produce possible instabilities for small t.
We write the pion scalar form factor as
The superscript indicates the chiral order. The lowest order is simply
The next order has been calculated in [5] and we agree with their result, it is 
The next order we split in several different parts
The result for F π SC (t) can also be found in the main text we simply repeat it here for completeness. 
(B.10) 
